We investigate the evaluation of the six-fold integral representation for the second order exchange contribution to the self energy of a dense three dimensional gas on the Fermi surface.
Introduction
The second order exchange energy, represented by the diagram in Fig.1a contributes importantly to the correlation energy of a dense electron gas [1] . It is given by the nine-fold integral
in three dimensions, where f p denotes the Fermi distribution function for electrons of wave vector p and f ′ p denotes that for holes. In a remarkable display of mathematical virtuosity (1) was evaluated in closed form by Onsager [2] and Onsager, Mittag and Stephen [3] who found
Subsequently, Ishihara and Ioratti [4] worked out the corresponding value for a two-dimensional system, and the d-dimensional case was evaluated by Glasser [5] .
Recently the the second order exchange term in the electron self energy, represented by the diagram in Fig.1b was studied by Ziesche [6] . It is given, in three dimensions, by the six-fold integral
For k = k F (= 1) Ziesche succeeded in decomposing (3) into the sum Σ 2x = −(X 1 + X 2 )/4π 2 of the two simpler integrals
and by following the procedure in [3] , he managed to perform three of the integrations, thereby obtaining
where
The integrals in (6) are suitable for numerical evaluation and Ziesche found X 1 = −30.70598 . . .,X 2 = 21.28490 . . .. According to the Hugenholtz-van Hove-Luttinger-Ward theorem [7] Σ 2x = E 2x , so
The aim of this note is to evaluate X = X 2 − X 1 analytically, so as to obtain closed form expressions for the integrals in (4).
Calculation
From (5) we have
Since the limits on the x-integral are symmetric, we retain only the even part of the integrand of (8) by averaging X and the integral obtained by x → −x and combining the two arctangents, thus obtaining
Next, we set q = e −u , p = e −v , x = sin φ, so α = sinh u, β = sinh v, a = cosh(u + v), and
We make the coordinate transformation r = v+u, s = v−u, having Jacobian 1/2, to obtain X = 4π sinh r cos φ + tan
(11) becomes
sinh r(cos 2 φ + sinh 2 r) (13) Once again, we may drop the term in the integrand of (13) odd in s and perform the elementary s− integration, so that
To evaluate the φ−integral, we set tan ψ = sec φ sinh r , µ = tan −1 (sinh r) = cos −1 (sech r), to transform (14) into
The ψ− integral is tabulated [8] and X is reduced to a single integral
To evaluate the remaining integral, let
for which f (1) = X/4π 2 and f (0) = 0. By differentiation with respect to a and partial fraction decomposition, we obtain
The first two integrals on the right hand side of (18) are tabulated [9] and, after an integration by parts, we find
The substitution u = sech r leads to another tabulated integral[10], giving
which, with the substitution a = cos θ yields 
where we have used [11] π/2
in which G denotes Catalan's constant.
Discussion
Our result is that we have obtained closed form expressions for the two six-fold integrals in (4) in agreement with Ziesche's [6] seven place calculation. We hope to extend our calculation to an electron gas of arbitrary dimension, as was done for E 2x .
